Subwavelength optical resonators made of high-index dielectric materials provide efficient ways to manipulate light at the nanoscale through mode interferences and enhancement of both electric and magnetic fields. Such Mie-resonant dielectric structures have low absorption, and their functionalities are limited predominantly by radiative losses. We implement a new physical mechanism for suppressing radiative losses of individual nanoscale resonators to engineer special modes with high quality factors: optical bound states in the continuum (BICs). We demonstrate that an individual subwavelength dielectric resonator hosting a BIC mode can boost nonlinear effects increasing second-harmonic generation efficiency. Our work suggests a route to use subwavelength high-index dielectric resonators for a strong enhancement of light-matter interactions with applications to nonlinear optics, nanoscale lasers, quantum photonics, and sensors.
H igh-index resonant dielectric nanostructures emerged recently as a new platform for nano-optics and photonics to complement plasmonic structures in a range of functionalities (1, 2) . Alldielectric nanoresonators benefit from low material losses and allow the engineering of artificial magnetic responses. Progress in alldielectric nanophotonics led to the development of efficient flat-optics devices that reached and even outperformed the capabilities of conventional bulk components (3) . These advances motivated further diversification of applications of dielectric nanostructures (4), especially toward nonlinear optics (5) (6) (7) . Efficiencies of nonlinear optical processes in all-dielectric nanostructures have exceeded by several orders of magnitude the efficiencies demonstrated in metallic nanoparticles with plasmonic resonances (8, 9) .
One of the main limiting factors for high efficiencies of all-dielectric nanostructures as functional devices is the quality (Q) factor of their resonant modes. Traditionally, response of dielectric nanoparticles is governed by loworder geometrical resonances, resulting in low Q factors. An elegant solution for Q-factor control and its increase is provided by the physics of bound states in the continuum (BICs). BICs were first proposed in quantum mechanics as localized electron waves with the energies embedded within the continuous spectrum of propagating waves (10) . Recently, BICs have attracted considerable attention in photonics (11, 12) . Mathematical bound states have infinitely large Q factors and vanishing resonant linewidth. In practice, BICs are limited by a finite sample size, material absorption, and structural imperfections (13) , but they manifest themselves as resonant states with large Q factors, also known as quasi-BICs or supercavity modes. Until now, optical BICs have been observed only for extended systems (12, (14) (15) (16) and used for various applications including lasing (17) and sensing (18) . For individual isolated dielectric resonators, genuine nonradiative states require extreme material parameters diverging toward infinity or zero (19, 20) . In realistic individual resonators, there are an infinite number of possible paths for radiation to escape (12) , which limits the Q factor substantially. However, the concept of quasi-BICs allows us to come close to reaching nonradiative states for individual dielectric resonators (21) (22) (23) . The modes forming a quasi-BIC belong to the same resonator, which allows the system footprint to be kept very small. Except for specific composite structures (24) , such a small footprint is challenging to achieve for resonators relying on alternative mechanisms of localization, including whispering gallery mode resonators and cavities in photonic bandgap structures.
Here, we studied individual dielectric nanoresonators hosting a quasi-BIC resonance at telecommunication wavelengths and demonstrated its capability for second-harmonic generation (SHG). Our subwavelength resonator exploits mutual interference of several Mie modes, which results in a quasi-BIC regime. We designed a 635-nm-tall nonlinear nanoresonator of cylindrical shape made of AlGaAs (aluminum gallium arsenide) placed on an engineered three-layer substrate (SiO 2 /ITO/ SiO 2 ) ( Fig. 1A ). For a cylindrical particle, Mie resonances are classified with an azimuthal order and can be loosely sorted into two groups distinguished by the number of oscillations in the radial and axial directions [see part 1 of the supplementary text (25) ]. We selected a pair of modes from different groups with uniform azimuthal field distribution ( Fig. 1B) , both of which demonstrated a magnetic dipolar behavior [see parts 1 and 2 of the supplementary text (25) ]. By changing the resonator's diameter, the spectral mismatch of dipolar modes can be decreased, which induces their strong coupling in the parametric space and produces the characteristic avoided resonance crossing of frequency curves (Fig. 1C ). In the strong coupling regime, the modes are hybrid with a combination of radial or axial oscillations and thus do not belong to any of the defined groups [see part 1 of the supplementary text (25) ]. Open boundaries of the nanoresonator enable constructive and destructive mode interference in the far field (26) , which results in modification of the mode Q factors because of their identical dipolar nature (Fig. 1D ). The quasi-BIC regime with suppressed dipolar radiation ( Fig. 1E ) and thus an increased Q factor is reached for a particle of a specific diameter of~930 nm.
We further compensated for the decrease of the Q factor induced by energy leakage into the substrate (27) by adding a layer of ITO (indium tin oxide) exhibiting an epsilon-nearzero transition acting as a conductor above a 1200-nm wavelength (e.g., at the quasi-BIC wavelength) and as an insulator below this wavelength [e.g., at the second harmonic (SH) wavelength]. The ITO layer is separated from the resonator by a SiO 2 spacer. The thickness of the SiO 2 spacer layer provides control over the phase of reflection, further enhancing the destructive interference of the two magnetic dipoles in the far field and thus increasing the Q factor ( Fig. 1F ). For the optimal spacer thickness between 300 and 400 nm, the Q factor reaches the maximal predicted value of 235.
We fabricated a set of individual AlGaAs nanoresonators with diameters varying from 890 to 980 nm from epitaxially grown AlGaAs (crystal axes orientation [100], 20% Al) by means of electron-beam lithography and a dry-etching process. The nanoparticles were subsequently transferred to a substrate made of a commercial film of 300-nm ITO on glass with an added SiO 2 spacer 350-nm thick [see materials and methods and part 7 of the supplementary text (25) ]. We measured scattering spectra from individual nanoparticles with a laser tunable within the wavelength range of 1500 to 1700 nm. To maximize light coupling to the quasi-BIC mode, we illuminated each nanoresonator with a tightly focused, azimuthally polarized light [see the materials and methods and part 8 of the supplementary text (25) ]. The scattering spectra are evaluated as the difference between the bare substrate reflectivity and the normalized measured backward scattering of the nanoresonator. We observed a symmetric peak with the extracted Q factor of 188 ± 5 for the particle diameter of~930 nm, which corresponds to the quasi-BIC condition [see Fig. 1G and the materials and methods (25) for details on the Q-factor extraction procedure]. We further measured the dependence of the Q factor on the nanoresonator diameter (dots in Fig. 1D ), which showed good agreement with numerical simulations.
Next, we exploited the designed quasi-BIC resonator as a nonlinear nanoantenna for SH generation ( Fig. 2A) . At the SH wavelength, the nanoresonator supports a high-order Mie mode with a Q factor of 65 [see part 1 of the supplementary text (25)]. For SH wavelengths, the material properties of ITO are similar to glass, so the spacer and ITO thickness are in-essential. To increase the nonlinear conversion efficiency, we developed the consistent theory of SHG for nanoscale resonators using the eigenmode expansion method [see parts 4 and 5 of the supplementary text (25) ], which goes beyond the phase-matching approach used for nonlinear optics of macroscopic structures (28) .
The optical response of designed nonlinear nanoantenna is driven by the quasi-BIC with complex frequency w 1 -ig 1 and the SH Mie mode with frequency w 2 -ig 2 . The total SH power radiated by the nanoresonator [see part 5 of the supplementary text (25)] is:
This expression allows a step-by-step explanation of the SHG process (Fig. 2B) . The incident power P w is coupled to the quasi-BIC depending on the spatial overlap k 1 between the pump and the mode. The coupled power is resonantly enhanced depending on the quasi-BIC Q factor Q 1 and damped by the spectral overlap factor L 1 ðwÞ ¼ g 2 1 = ½ðw À w 1 Þ 2 þ g 2 1 , which is the unity at the resonance. The efficiency of upconversion of the total accumulated power is determined by the crosscoupling coefficient k 12 , which depends on the symmetry of the nonlinear susceptibility tensor of AlGaAs and the spatial overlap between the generated nonlinear polarization current and SH mode [see part 5 of the supplementary text (25) ]. The converted SH power is increased by a high Q factor of the SH mode but at the same time is decreased because of the spectral mismatch with the quasi-BIC,
The outcoupling factor k 2 (2w) determines a fraction of the radiated SH power and is the unity in 2 of 5 the vicinity of w 2 . The exact expressions for coupling coefficients k 1 , k 12 , and k 2 and the constant a are given in part 5 of the supplementary text (25) . Note that the effective mode volume does not appear in Eq. 1 because k 12 takes into account the explicit spatial distributions of the electric field of the modes.
With this theoretical analysis, we can specify the optimal conditions to maximize the SHG efficiency from an individual dielectric nanoresonator. First, the spatial profile of the pump must be structured to match the distribution of the excited mode; therefore, we used the cylindrical vector beam with azimuthal polarization. We estimated k 1 as 33% for the experimental conditions using a model of a free-standing resonator in air (Fig. 2C) [see parts 5 and 10 of the supplementary text (25) ]. Next, the optimal structure must be resonant simultaneously at pump and SH wavelengths (9) . Maximization of Q 1 is critical compared with maximization of Q 2 because of the quadratic over linear dependence of P 2w [see Eq. (1) and part 6 of the supplementary text (25) ]. For the designed nanoresonator with a diameter of~930 nm, the factor of spectral overlap reaches 50% (Fig. 2D) . Finally, the collection efficiency must be increased, which can be achieved by engineering the substrate properties. The epsilon-near-zero transition of ITO makes it effectively "invisible" to the SH radiation, allowing it to propagate in both the forward and backward directions ( Fig. 2E) .
To perform systematic experimental analysis of the SHG enhancement in quasi-BIC resonators, we excited the fabricated set of nanoparticles with laser pulses of 2-ps duration in the wavelength range from 1500 to 1700 nm [see the materials and methods and part 9 of the supplementary text (25) ]. Figure 3 , A to D, shows the maps of the SHG intensity versus the pump wavelength and resonator diameter for the nanoresonators pumped by the azimuthal, radial, and linearly polarized beams, respectively. The experimental data reveal a sharp enhancement of the nonlinear signal in the quasi-BIC regime selectively for the azimuthally polarized pump. We measured directionality diagrams of the SH signal in the backward and forward directions within the numerical apertures of a pair of confocal objective lenses [see Fig. 3 , E and F, and part 12 of the supplementary text (25) ]. The diagram in the backward direction features distinct maxima in four directions that are qualitatively similar to the theoretical SHG directionality shown in Fig. 2A and the far-field pattern of the mode excited at the SH wavelength [see part 1 of the supplementary text (25) ]. Figure 4 , A and B, shows a wavelength cut (at the quasi-BIC diameter of~930 nm) and a size cut (at the quasi-BIC wavelength of 1570 nm) of the measured 2D SHG maps (see Fig. 3 , B to D). Both plots demonstrate that the observed SH intensity for the azimuthal pump surpasses the SH intensity for the other polarizations by several orders of magnitude, which confirms high spatial selectivity of the quasi-BIC [see also part 3 of the supplementary text (25) ]. With these experiments, we reached beyond the predictions of the theoretical model (see Fig. 2C ) and measured an observable SH signal for radial and linear polarizations caused by off-resonant excitation of other nanoparticle modes (Fig. 4B ). However, this signal remains several orders of magnitude lower compared with azimuthal polarization. We further experimentally measured the SHG conversion efficiency. The numerical analysis of quasi-BICs in a nonlinear nanoresonator [see Fig. 2 and (23) ] does not account for the trade-off between pulse duration and laser damage threshold. The high Q factor of the quasi-BIC requires relatively long pulses to pump the mode effectively. At the same time, a peak power of longer pulses becomes limited by the material laser damage threshold. From this point of view, theoretical or numerical analysis does not answer the question of whether a nanoresonator made of common dielectric materials can indeed function as an efficient nonlinear nanoantenna.
We conducted an experimental verification of this by detecting the peak pump power P w p incident onto the sample and the peak SH power P 2w p captured by the two objective lenses in the forward and backward directions (Fig.  4C) . The directly measured conversion efficiency P 2w p =ðP w p Þ 2 was 1.3 × 10 −6 W −1 [see part 11 of the supplementary text (25) ]. The observed SHG efficiency at the quasi-BIC was more than two orders of magnitude higher than that demonstrated with earlier implementations using other approaches (5) (6) (7) 9) . We further estimate the total SHG efficiency as 4.8 × 10 −5 W −1 using the common approach by taking into account only the coupled part of P w p , theoretically estimated as 33%, and the total SH power, estimated using the calculated collection efficiency of 24%. A detailed list of the Koshelev experimental parameters and an elaborated comparison with the earlier results for individual nanoresonators is presented in part 13 of the supplementary text (25) . The SHG efficiency of an individual nanoantenna demonstrated here is qualitatively comparable to the best-to-date efficiencies of nonlinear metasurfaces (29, 30) based on hybrid multiple-quantum-well structures, whereas a quantitative comparison cannot be done without some ambiguity. Although high nonlinear coefficients P 2w p =ðP w p Þ 2 were demonstrated in such systems in the far-to mid-infrared spectral ranges, the reported conversion efficiencies P 2w p =P w p of 2 × 10 -4 % (29) and 7.5 × 10 -2 % (30), respectively, remain low and are lim-ited by a peak pump power of 100 mW that they can sustain, compared with 10 W for our nanoresonator.
Our results illustrate, for the first time to our knowledge, manifestation of high Q-factor optical modes in individual nanoresonators in the linear and nonlinear regimes governed by the physics of bound states in the continuum. Our experiments demonstrate that quasi-BIC engineering for individual nanoparticles in the optical frequency range is feasible despite fabrication tolerances and material absorption. Individual high-Q nanoresonators with a subwavelength footprint promise specific applications as nonlinear nanoantennas, lowthreshold nanolasers, and compact quantum sources.
